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XOR dlis

Table 4.1 Truth Table
XOR for the XOR Problem
- x XOR
0 0

1
1
0

o

— = OO

P[> | > @

=

<
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AND, OR

0

X1 X2

AND Class

0

B

Table4.2 Truth Table for AND and
OR Problems

OR Class

B

— = OO

1
0
1

0
0
1

B
B
A

= == O

A
A
A
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Tahle 4.3 Truth Table for the Two
Computation Phases of the XOR
Problem

0(=) 0O(=) B (0)
1(+) 0(=) A1)
1(+) 0(=) A1)
1(+) 1(+) B (0)

I—‘I—‘OO
— O |~ | O

21(x) g2(x)
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THE TWO-LAYER PERCEPTRON
QY 90 gy L

\ 3
2
B A -
0 \ 1 Xy
RO ) l
gix)=xy+ta—==0
\ AND 2
_ 3
22(x) =x1 + a2 — 5 = 0
- 1
gy =y1 — 2 — > =0

Xy
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THE TWO-LAYER PERCEPTRON
4Y90 g

Input layer Hidden layer Output layer

By )0 Gles 4Y lagyg)gs Jos a5 w03 oo OLiS Y 90 (g p 4 335 (IS
ol (3l gilulaz (Lad G (55, (539,5 slad Ll
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THREE-LAYER PERCEPTRON

A5 oz 1) o2y wix glagwl) lseleiz] ja wilgh oo Y aw (95 y S
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BACKPROPAGATION ALGORITHM

5 el o A5yl JLE 1 o e ools a5 |, dblie L Jee 0 a0l 5,50
SUaml jao S g oS duwlone 1y bgy o sladsras pl SV olee wuilys o
s
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ACTIVATION FUNCTION
S5l lad &l

o The backpropagation algorithm requires a differentiable

activation function. The family of sigmoid function are used
for this purpose. i)

(x) =
AC) I + exp(—ax)

cf53} iy = ey




POLYNOMIAL CLASSIFIERS

Slade>ai> slaouail
/ I—1 / !
b
g(x) = wo + Z wix; + Z Z WimXiXm + Z WiiX;
=1 i=1m=i+1 i=1

If x = [xl,xz]T , then the general form of y will be
_ w2 2T
Y = [X1,x2,X1X2, X7, X7
and

g =w'y + w

w! = [wy,wr, w2, w1, wi;]
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POLYNOMIAL CLASSIFIERS (XOR)
XOR dluws — gladozas slbasdil

sh> &9
13‘
(0.1)eo
]
I * -
(0.0) \ (1.0) x
(20) l+1-|—1 e x >0 xecAd “
(x)=——+X X> — 2X1X0
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RADIAL BASIS FUNCTION NETWORKS-RBF
Sdlx = eilD

That is, the argument of the function is the Euclidean distance of the input vector x
from a center ¢;, which justifies the name radial basis function ( RBF). Function [
can take various forms, The Gaussian form is more widely used.

! :
F0 = exp( —5—llx = aill?) (4.53)

=1

For a large enough value of &, it can be shown that the function g(x)
is sufficiently approximated by

# =
(x —c)l(x— ¢
g(x) = wy + Zu';tﬂip( - — ) (
- 30}-

N
W
wl
-
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RBF - XOR PROBLEM

)2 L)

B

Ae

XOR

B

a=nn [exp(—llx—clllz)]

exp(—|x = 2%

(a)

(0,0) — (0.135, 1)
(1,1) — (1,0.135)

(1,0) — (0.368,0.368)
(0,1) — (0.368,0.368)

g(x) =exp(—|lx —c|H +exp(—|x —c2|H)—1=0

gy =y1+y2—1=0

M
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RBF EXAMPLE

-1.0

o o
o 8o
+ O w10
o)
O c10
[

-0.5 0.0

Pattern Recognition




PARZEN VS RBF

&l ly b cayds by, g RBF o asly ooy alaly olg oo s>l 40
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MLP vs RBF

2555 0 3k 09> RBF (Lbies 51 juss” a¥aiz slag sy (IS 55k 4,0
4 a5 Able sl g i)l g el Vaiz slagg ey (Jilie 50
Q5,100 diged gl dcgezma o SIS ol

0,8 aline g0, See 4 Slitwo sl a5 weo o lid gilead mLGO
cpl bl ye5 p 6 YL ad e 5Ll RBF s 6 Yoz slagyg o
51 sol; olaws 5l eolizwl a5 el RBF (g5l Jld wolgs yog (oo Jdo @
ST (50 (8590 ) Sl
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SUPPORT VECTOR MACHINE-LINEAR CASE
N |
max A — — AjA !;}f-xf-rx'
) ; > %: JVidj%; X

subject to ZA,}I =
i=1

A=0

4

g(x) = wT x + wy N

.-"'
S
|l
>
2

E ;};x, x+u{}

ition




SVM-NONLINEAR CASE
Ny
g(x) = Ay K(xp, x) + wy
=1

R14¢J9| slad o odwlcwwsds sosS gandid iwa &b g L e 4 axg L
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TYPICAL KERNELS

Polynomials Kx.2)=lz+ D7 ¢>0

Radial Basis Functions

I% - ( le—zllz)
(x,2)=exp| —

o2
Hyperbolic Tangent

K(x,z) = tanh (,BxTz + 'y)
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THE ARCHITECTURE OF NONLINEAR SVM
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NONLINEAR SVM
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FIGURE 4.24

Example of a nonlinear SVM classifier for the case of two nonlinearly separable classes. The
Gaussian RBF kernel was used. Dotted lines mark the margin and circled points the support
vectors.
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NONLINEAR SVM FEATURES

o If the kernel function is the RBF, then the architecture is the same as the
RBF network architecture. In the SVM approach, the number of nodes
and centers are the result of the optimization procedure.

o The hyperbolic tangent function is a sigmoid one. If it is chosen as a
kernel, the resulting architecture is a special case of a two-layer
perceptron. Once more, the number of nodes is the result of the
optimization procedure. This is important. Although the SVM
architecture is the same as that of a two-layer perceptron, the training
procedure is entirely different for the two methods. The same is true for
the RBF networks.

o A notable characteristic of the support vector machines is that the
computational complexity is independent of the dimensionality of the
kernel space, where the input feature space is mapped. Thus, the curse of
dimensionality is bypassed.

o A major limitation of the support vector machines is that up to now there
has been no efficient practical method for selecting the best kernel
function.
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BACKPROPAGATION ALGORITHM




Forward Propagation -FP e

Error Estimation

Input Layer Hidden Layers Output Layer




BACKPROPAGATION
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BACKPROPAGATION

f :

<Z . )7

r—1 ;
Ve w

A A A

9099 7%

f = activation function
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BACKPROPAGATION - PARAMETERS

O/ N N 25

@ @ X
_ AW A 4

Input Layer Hidden Layers Output Layer

N training pairs = (y(?), x(?),i = 1,2,..., N

Y@ = (1D, ..., ye, DI

x(D) = [x1(D), ..., Xp,DIT ‘
(i) = the output of the network

L = number of layers




BACKPROPAGATION — COST FUNCTION

N
J=) &
i=1
L L
o 2 oo A 2 .
E@) = 5,n2=1 e2 (i) = EmZ:lr:ym(z) @, i=1,2,....N

N\

If (i) 1s considered

as the sum of
squared errors.
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BACKPROPAGATION — MINIMIZING COST FUNCTION

o Minimization of the cost function can be achieved via

Iterative techniques. Gradient descent method is adopted for
this purpose.

o W} =the weight vector of the jth neuron in the rth layer

P r r r ' 4
w; [wjo,wjl,...,wjkr_l] :

The basic iteration step will be of the form

o s g Aar?
wj(ncw) wj(old)+ij

with

d

=
ﬂwj

where wj'.'(old) is the current estimate of the unknown weights and ij’.' the
corresponding correction to obtain the next estimate w;f(new).

ij'-' = —u
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MINIMIZING COST FUNCTION- CHAIN RULE

the dependence of £(7) on w}f passes through L}‘T(f).

r

r I —
&w J

@—ZM%(M%FZﬁHkm

..

é'uﬁ

..

| duwl

TRy —1

OO KA,

r ¥ ¥
Jw; -‘?L} (1) é‘wj

Rky—1

k=1

vi (@ ]

"(f)
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MINIMIZING COST FUNCTION- CHAIN RULE (2)

dIE@D
&u;(i) =06;(D

N
Aw] = —p ) 87y ')
i=1

K
A
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THE BACKPROPAGATION ALGORITHM

m [nitialization: Initialize all the weights with small random wvalues from a
pseudorandom sequence generator.

m Forward computations: For each of the training feature vectors x(7),
compute all the v}'(f), y}'(f) = f(u)j*(f)),
Compute the cost function for the current estimate of weights

m Backward computations: Foreachi = 1,2,... . Nandj = 1,2,... k¢

compute 5}[(1') and in the sequel compute 8}-‘_1(1')

m Update the weights: Forr = 1,2,...,Landj = 1,2,... R,

r r r
w; (new) w; (old) + ij

N
Awj = —p ) 87y '@

i=1
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THE BACKPROPAGATION ALGORITHM
COST FUNCTION = SUM OF SQUARED ERROR

. r=>=1L
t dE(T)
8t = 4.1
7 D (4.13)
1 & 1 &
N 2 _ | PP o2
Ei=3 ) epD=3 ) W)= ym() (4.14)
m=1 m=1
Hence
57 () = e;(Of (W (1) (4.15)

where [ " is the derivative of f(-). In the last layer, the dependence of £(7)
on l_ff(f) is explicit, and the computation of the derivative is straightforward.
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THE BACKPROPAGATION ALGORITHM
COST FUNCTION = SUM OF SQUARED ERROR

4

2. r < L. Due to the successive dependence among the layers, the value of
_1;{"1(1') influences all v, (i), k = 1, 2,..., R, of the next layer. Employing the
chain rule in differentiation once more, we obtain

Ry ro.
AE (D) _ Z dE(@) v, (D) (4.16)

] (@) DAOYIAR O

k=1

and from the respective definition (4.11)

v, (i)

—_— 4.17
1D (4.17)

AOE Zsko
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THE BACKPROPAGATION ALGORITHM
COST FUNCTION = SUM OF SQUARED ERROR

ky_ 1.
&vg(z') _ a[ m=%]w£m-y:;1 l(f’)]

= 4.18
v~ () v~ (@) e
with
Vi L@ = fp @) (4.19)
Hence,
TAOI .
&U;_l(z') - ngf(l{; @ (420
From (4.20) and (4.17) the following results:
Ry
5;_1(13 = |:Z 5£(f)w£ji|f(1{;l(f)) (4.21)
k=1
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THE BACKPROPAGATION ALGORITHM
COST FUNCTION = SUM OF SQUARED ERROR

and for uniformity with (4.15)

871D = ¢ T (v T (D) (4.22)
where
ky
A OED AT (4.23)
k=1

Relations (4.15), (4.22), and (4.23) constitute the iterations leading to the
computation of Bj(i),r = 1,2,...,5L71 = 1,2,...,Ry
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LOGISTIC FUNCTION AND ITS DERIVATIVE

1 e’
flz) = 1fe=s 1+et’
dpy - SO T € ) f)

Pattern Recognition




THE BACKPROPAGATION ALGORITHM
COST FUNCTION = SUM OF SQUARED ERROR

wj’f(new) = wj'-'(old) - ij’f
N
Aw] = —p ) 87y @)

i=1

1. r=L 8 = e;i)f (Wf ()

54 () = |f (v @) =%, Fef D[t = F o ())]
2. r<1L 5}*—](5) — I:zr ﬁi(f)wﬁj}f&f—l(f))
k=1
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BATCH MODE & SAMPLE MODE
Sraigas plos s 5l 1) yje (ion pl 5o 0ol ools mudg v ,6510
ol 903 5o Slil a4 baaszy (Slayjo 0 9,500, cnl glgl 51 (SO
G e cpl S 093 Ol o 68 ke anl s SO laiws Sle,j920
Dgden e JL8, b alSKem azes 1o 5 (LS i (eSS
YL ) Ghisel e yo iged o Gl Sloyzep Cdl Ko g5 510
Al oS oyl @ sl S ol s o lid |y o Bolas
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INSIDE THE BLACK BOX: BACKPROPAGATION
AND INTERPRETABILITY

A a5 |y as] oilgs o AeKa aiad olw dax O Al ac sl2aslnO
ConsS I, ] dizgol il gy

oS ol azags Ll oals oledsl jo ae loasls Lol colee 5 KO

)‘9&& QLWJ‘ LS‘ﬁ S99 LSLQJ.S%. L ool J.«a.w LgLa:d}‘g )" LS‘AS..J.’ )’\ u;’;.S‘o

Al 0auo Bigel Al w1y LS S A el J39 slaign Bi>

Lol €pndgs o yige Ygomo s (o5 oolw» OCCAM 1aAZON ol wlul 0
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) P
.OSS FUNCTION

-

l.a‘) (523‘9 @3}?}&)«”@@5&0 g.i;dfw‘u‘ OMOULW.’ASLS)LMO

9 00D (S (F 9,5 O NS ) alS e S (699,5 So 4 Az
B0 gy celS (sline o eSO 0iS oo (s S 0jlsl |y (a8l >,
el eSS 280 g Jo cewld glize 4 yiios AW sl YL

Las Slas o pSlos BT 05 @
Mean Square Error
k
N1 " 2
£()) =5 ) Om = m)
m=1 i
299 Jliie 9,51 @

Cross-Entropy

k
e(i) = — Z Yo In 9 + (1 = y) In(1 = $p)

m=1
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ObslS (Ja3s She) £ A

e Batch Gradient Descent

Parameters are updated after computing the gradient
of the error with respect to the entire training set

e Stochastic Gradient Descent-SGD

Parameters are updated after computing the gradient
of the error with respect to a single training example

e Mini-Batch Gradient Descent

Parameters are updated after computing the gradient
of the error with respect to a subset of the training
set
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THE LEARNING RATE IN GRADIENT DESCENT

o The learning rate in Gradient Descent is constant throughout
the training process for all the parameters. This can slow the
convergence.

Small Learning Rate Large Learning Rate

loss loss

value of u

value of
weight

weight
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MOMENTUM TERM
L roouas )L)J.g ] SRS )| oolaw! ‘LS"Ji@ OO0 LS J&.we > d.,.l.c LSLQ"‘) )‘ ‘_51,0
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Aw/(new) = aAw](old) — Za}’ @y "L

w}' (new) = w}‘(old) + Aw}'(nfew)

withhout Momentum with Momentum




