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INTRODUCTION- T RANSFORM

Cowl o> glad 4 b S5 Jas! (Transform) Los 5l Bue O

Silwodpid o b wax slad o o Shg st Sl Juwye a4 Jas 510
o anlys axlee oMbl oYL

aaS o (dimensionality reduction) se rels SuSS o8 cudled opl 40
g 0
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A=
1 0 4 Qoo — oolysl 5 iy a5
T 11
Al —92 0
| 5 4
AT

A real matrix is called orthogonal if A=t = AT
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Av = v
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ofg Jlade — ohag slop (8L

LAV = AV dolre 5ol X M olad LA s jilo 054 polie o8l gl O

r@.»JLQJ solal Av = Alv nglw.d )‘\ f""‘"‘?"cs‘ p.uf J.> A (Lng))Jliw‘ LS‘)-f

Av = Alv
Av —Alv =0
A—ADv=0
aaly> 3929 UV lp oo e J> SO oST o det(A —AI) =0 3o

e ‘Q
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L= g, = [t
—1 —4. SR P
4 =4 g, = [4
-1 1| P2 T 4]
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ab,leS s yile 0529 Jlo

D dges D uwl.’)bf u,o.u)JLo 0}{9 LgLQ)‘Q).fO

I ool LS?..LS‘;: aS ol o> oA;%Lo.S ¢ i 03 g )‘J..S.,o L: )blMA 699 )L}).go

~
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alises il oS gl s ilo (gl ys 00ls ‘;..\.:Sb.g

o Covariance Matrix

o 1

|




print(“Covariance Matrix"™) import numpy as np

mul = np.array([@.@ , @.8]) import matplotlib.pyplot as plt

mu2 = np.array([5 , @]) from scipy.stats import multivariate normal
mu3 = np.array([16 , 8])

mud = np.array([15 , 8])

covmatl = np.array([[1, ©], [& , 1]])
covmat2 = np.array([[1, ©], [& , 2]])
covmat3d = np.array([[1, ©.5], [08.5 , 2]])
covmatd = np.array([[1, -8.5], [-8.5 , 2]])

XX, yy = np.meshgrid{np.linspace(-3, 18, 7@), np.linspace(-4, 4, 78))
pos = np.dstack{({xx, yy))

pdfl = multivariate normal(mul, covmatl).pdf(pos)

pdf2 = multivariate normal({mu2, covmat2).pdf(pos)

pdf3 = multivariate normal({mu3, covmat3).pdf(pos)

pdf4 = multivariate normal(mu4, covmat4).pdf(pos)

contourl = plt.contour(xx, yy, pdfl, colors="blue' , linestyles='dashed' )
contour2 = plt.contour{xx, yy, pdf2, colors="red’, linestyles="dashed")
contour3 = plt.contour{xx, yy, pdf3, colors="green’, linestyles="dashed')
contourd = plt.contour{xx, yy, pdfd4, colors="black’, linestyles="dashed')

plt.axis( equal’)
plt.show()




THE KARHUNEN-LOEVE TRANSFORM

PCAL o Hlo,5 Jos

principal component analysis (PCA)
kol sloddlse 4 4520
L2 p dges Saaz lajgme o5 opoe plad @ ) aosls Lo ol

. ! .o M )“ lu.o

Pattern Recognition




PCA ;8L (ol bopls
Lg)'l...uo)bjb.w‘ :J9| PL?O

ol yleS e Sle dwlwe 09O 'oL?O

ob)leS s ile 039 Jladie 5 039,00 5 drloe spgu 5O
ol sloailye il o
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Fled b bl @ e a5 Wigd oo e S5 aelo b ol pxie o aiylo 585 aiels
WS (6 S sl SCie ol 5l ilgs o ool (o 5lws lailiwl (opl ply 09l co g G 4

value — mean

standard deviation

el L8 o ile S il )l9eST e Sl
Cov(x,z) |

)
) Cou(y, 2)
) Cov(z,z)

- Cov(z,z) Cov(z,y
Cov(y,z) C ov(y Y
Cov(z, Z,
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e
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=
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S T —
2F i

ao = [0.7045, 0.7097]" ol ]
a; = [—0.7097, 0.7045]" .
-2t i

Xo =17.26, Ay = 0.04 _
-4 .--'.'.' -

Ao == A ol |

s oo L]y el € a5 Cuwl Xy = X1 T+ € doles 4 by o ooty ®
el 0539 Hlade saimayLis Aj g oy Jlop eaimslis @ o
(o529 oo g3 yo oLy BN vas o @3l PCA a5 Sledbl 4y a>g5 L
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Y ke

The correlation matrix of a vector x is given by
[0.3 0.1 0.1_|
Ry =10.1 0.3 —0.1
LO.] —0.1 0.3

Compute the KL transform of the input vector.
The eigenvalues of Ry are Ag = A1 = 0.4, A> = 0.1. Since the matrix Ry is symmetric, we

can always construct orthonormal eigenvectors. For this case we have

2 0 1
ag= — 11|, a 1|, a>= —1
1 1

o| ZEL—' ﬁtl

[y(o)‘l [2/\@' 1//6 1/«@"' [x(o)‘l
| =1 0 1/3/2 —1//2 | | x(D)
Ly(z')J Ll/ﬁ —1//3 —UﬁJ x(2)

A 4

(orthonormal) cul aslg o5lasl b awlee slagygiw § Hlaw s bows o sl
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S d‘.\.blf— dolol —Y JL’LA
T [2v6 1/V6 0 1//67] [x(0)]

| =1 0 /2 —1//2 | | x(D
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gy oo Cawd JoleMbl Las Lo o ey ol pd weSre bod e yile O
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AV

L)lsS" sl s yile (sly 0509 5105 9 0529

o Covariance Matrix

g

o 1

|

%38,

—0.92
—0.38

0.38 ] [—8(5;23] [

|

I[:]

1
0

|

I[:]

1
0
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m

dalol - ¥ Jls

print(covmatl)
print(np.linalg.eig(covmatl))

[[1 €]
(@ 1]]
(array([1., 1.]), array([[1., ©.],

[e., 1.11))
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1)

dly Sy S —F J

np.set printoptions(precision=2)
X = np.array([[1, 3, 4],

[2, 6, 8],
[3, 7, 1e],
[41 -1, 3]:
[5, 11, 16],
[6, 12, 18], Z=x++y
[7, 56, 63],
[8 -9, - ]J
[9, 9, 18],
[10, 33, 43]])
covX = np.cov(np.transpose(x))
print(covx)
eigmatx = np.linalg.eig(covx)
(

print(eigmatx)

[[ 9.17 21.28 320.44] ~0

[ 21.28 348.23 369.51]

[ 30.44 369.51 399.96]] @

(array([7.46e+82, 1.10e+01, 4.62e-14]), array([[-©.05,

[-0.68, ©.45, -0.58],
[-8.73, -0.36, ©.58]]))

-0.81,

-9.58],




ools SausTy — F Jo

° ax = plt.axes(projection="3d")
ax.scatter3D(x[:,0], x[:, 1] ,x[:, 2])

=




o [[ 9.17 18.33]

[18.33 36.67]]

a JL‘:‘_,Q E (array([ ®. , 45.83]), array([[-©.89, -8.45],

[ 0.45, -0.89]]))

[[ ©.00e+00 -2.24e+00]
o np.set printoptions(precision=2) [ ©.00e+00 -4.47e+00]
X = np.array([[1, 2], [-1.11e-16 -6.71e+00]
[2, 4], | ©.00e+00 -8.94e+00]
[3, 6] [-3.33e-16 -1.12e+01]
’ ’ [-2.22e-16 -1.34e+01]
(4, 8], [-1.11e-16 -1.57e+01]
[5, 18], [ ©.00e+00 -1.79e+01]
[6, 12], [ 1.11e-16 -2.01e+01]
[7, 14], [-6.66e-16 -2.24e+01]]
8, 16], Lo -2
0. -4.
[9? 18]? % -0, _?'%
[1e, 20]]) [ 8. -9.]
covX = np.cov(np.transpose(x)) [ -0. -11.]
print(covx) [ -0. -13.]
eigmatx = np.linalg.eig(covx) % 'g' :12‘%
print(eigmatx) [ o -2@:]
maxelgv = eigmatx[1] [ -0. -22.]]

XX = np.dot(x,maxeigv)
print{xx)
print({xx.round())
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PCA ;o spdslaz — any Stals
DIMENSIONALITY REDUCTION
SEPARABILITY OF PCA

(MSE) Uas Slaye Plos @ cos Lol shadlge @ 30 bos SO
Olss 1y PCA 5,000 5l 0sdise Vb (F0,28 b wazr ola Shy 4 i
L8)5 5l 0 adgl (SN slasas glad o e (Shem Sl gl )l
(m<n)
Ml g3lwed pi8 slp (93 (g, el (S (ol slaaddss 4 a5 ax ST
el 09 ced GAL WIS 40 PSS iSTas 4 e gl (69050 o Ll
ol o0id g e WS @ ools 3las @ azgi Lol palS 15 el Jodze
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FIGURE 6.1

The KL transform is not always best for pattern recognition. In this example, projection on the
eigenvector with the larger eigenvalue makes the two classes coincide. On the other hand,

projection on the other eigenvector keeps the classes separated.
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PCA vs

LDA

Scatter plot and the PCA and LDA axes

(a) Scatter plot.

o . .
4 4 a3 a @ 1 4

(b) Projectil:'in onto the
first PCA axis.

(c) F'roje-::ti-::':'n onto the
first LDA axis.

Figure 8: Scatter plot and the PCA and LDA axes for a bivariate sample with
two classes. Histogram of the projection onto the first LDA axis shows better
separation than the projection onto the first PCA axis.
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SVD
SINGULAR VALUE

. DECOMPOSITION
O




Singular Value Decomposition

0
B T
A — U D V
mxn mxm mxn nxn
Column orthogonal matrix
u U

UT U - lmxm vT v - I.'?X,’?




SVD : SINGULAR VALUE DECOMPOSITION
- i |
Amxn=
|
nxn
mxm L= 1 mxn

e bl A U D T
/!

Left I

singular _
Singular
vectors

values
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SVD 4 PCA LLs,

X = UDVT

XXT = (UDVT)(UDVT)T
= (UDVT)(VDTUT)
= UDp(VTV)DTUT
= yp2yT

Pattern Recognition




SYolee > 40 0,000 polis 4352 51 eolazuwl

QS Ll ol g SYolee oKls O
ApxnXnx1 =0

S5 e o e LV gt b el pln X gl 4 b YL dles >
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A =[1,2; 2,4; 3,6; 4,8; 5,10; 6,12; 7,14; 8,16; 9,18; 10,11];
[U D V]=svd(A);
diag(D)=(40.3962 3.7612)

+
1.83x-y=0 )
U—-10x10 I
D—10x2 +
V—2x2 .

+ +

++

++
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RANSAC vs SVD
}?,9-; )e‘)-j )Q &09.3 ﬁgLS.A 9 oéL’l.é‘)go Ll OA>

RANdom Sample Consenses

O] GOMT Cawd A Yoo )‘ oolazi! L: J.JTLSA Cawd A UYj.Q‘.?bO QT S99y )‘ 9

Dl oo Caws anliers) col zas glastu] o> Olaedis|

Ded o 48,5 ol 0 Olg> laie woylo |, Inliers O iy &S Y olee
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RANSAC
(Vo dolee 28l (gl abais g0 Sl

Y=00ol| 990 bl olows
Number of inliers

(6,12), (10,11)
X+ 4y —54=0
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RANSAC
(Vs dolee 8L (gl abads g0 Sl

Y=0al:3l 990 bl olows
Number of inliers

(1,2),(10,11)
x—y+1=0
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RANSAC
(¥)das dolee 28l (gl alai 9o ol

Y=002L3] 990 bl olows
Number of inliers

(1,2),(2,4)
2x—y =0
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‘ RoBUST PCA

XV
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ROBUST PRINCIPAL COMPONENT
ANALYSIS(RPCA)

Low-Rank Matrix Recovery and Completion via Convex
Optimization

Matrix of corrupted observations low-rank matrix Sparse error matrix
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RANK OF MATRIX
o Pl 43,

D85 el SO Jite o (gt b by ylans slass 4l 4,0
e oo Galed ) Syge a1 A o ple 45,0
rank(A4) = rk(4) = rank A
o[.iﬂ ML:M X N Ls.w.:).:LQA ;‘0
Rank(A) < min(M,N)
Stols(full rank) s a5, A o 5LO
Rank(A) = min(M, N)
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RPCA (Low-RANK MATRIX RECOVERY)

D=A+FE
Sls gyl olelie D e 5LO

] odﬁaé&.?ui»a‘ oo‘ol.gd.fd.mos,o olis 1, g.,uj.?uE o 5O
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RPCA (Low-RANK MATRIX RECOVERY)

D=A+FE
min(rank(A4) + y|lE|ly)
[ —norm ot cs ||.||g jleaco
Ll o Sle yao e polic dlass saims i g el gauine
D Ayl Wit Gjguo d dlal,

min(||A|l.+y||E|l1)
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RPCA (Low-RANK MATRIX RECOVERY)

D=A+E
min(||All.+yIEl1)

Jol> g0l ol el 0 II.1] YU alal, ,00

l

9l 6l SO oy ””1 YL akly ;00
R 4%1)] yolie Ellaoyud xox Jol>
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RPCA(APPLICATIONS)
REMOVE SHADOWS
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RPCA(APPLICATIONS)
REMOVE SHADOWS AND SECULARITY

58 images of one
person under
varying lighting:

E -
ol
i -6
= n
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RPCA(APPLICATIONS)
BACKGROUND MODELING

Static camera
surveillance video

Video Y = Low-rankappx. X + Sparse error E/
200 frames,

144 x 172 pixels,

Significant foreground
motion

% .. S
ool




COVARIANCE AND CORRELATION

Dgd oo 45 wb Sewen COITelation w0
cov(X,Y)

OxO0y
Ll syls 3 [= Tt 1] e o e a5 canl 5T jo Koo &y 300
ol dion ol @ b 23,5 Sl )0 st 90 Guib)leS Sl (g (o8 65T

pxy = corr(X,Y) =
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