&)

& s Ll
& 1y Ll

. FEATURE SELECTION
O

‘ ,n)lm“sﬂd.é Sl [EBYE
o
O




FEATURE SELECTION OR FEATURE
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DATA NORMALIZATION
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DATA NORMALIZATION — LINEAR METHOD

For N available data of the kth feature we have

l ;\-'
Xp=— > xpp, k=121
N 4
i=1
. N
2 __ 1 . = 32
Tfp = Z(.’l;’fg — Xp)
N —1 e
N X — Xp
Xilk
G-.I‘_r
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DATA NORMALIZATION — NONLINEAR METHOD

The so-called softmax scaling is a popular candidate.
It consists of two steps

o .\.jk - .{.]\? = - 1 D;_
Yy = ———7" Xip = °r
rop I +EXpt—1) 08l

0.7

0.6+

0.56F

1 04
S(x) =
( ) 1 _I_ e_.m- -

01

S {3‘3] = sigmoid function o I____...-
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ROC CURVE

By moving the threshold over “all” possible positions,
different values of ¢ and (3 result.

P >
L

- 1—8 4
FP
1—a 1
\EN X
1-p
+ 0 ] >
TP 0 1 a
(a) (b)
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Best feature

TP
1-B

QjL&.’LA ‘;3.3‘3 o CS‘)'? ROC )‘éj.o.; dw

Worst feature
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ROC - AUC
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CLASS SEPARABILITY MEASURES
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CLASSIFICATION ERROR - REVIEW
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_ p(x|w)P(wq)
DIVERGENCE Planlx) = =773

Slawlwg oD 4 @l X (Shg lop bosls o (98 4 4255 LO
P(w1]x) > P(wz|x)
S IS asb i P(w2]x) 5 P(1]%) (o M) ax ja quils 0O

2 OPL L dze U oy, )0 4 (2L, éﬁ*’?@p(wﬂx) o 9y ()l

:f“'i)“)
p(x|w;)
D, (x) =In
2 p(x|wy)
il (Sl Sl> 00
+ 00
p(x|wy)
D, = xX|lwq) In dx
12 j_oo p( | 1) p(xlwz)
w2, eXle Sl o W D sl alie j5b 4,0
T x|w
D,, = j p(x|w,) lnp( @2) dx

oo p(x|w) °
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DIVERGENCE
di; = D13 + Dy

w0 Al AT s> dluw 5.5 ls oL diVErgence yu Jlaa.o
dij — Dl] + Dﬂ

M M
d=) > Pw) P(w)dy

i=1j=1
OJL?)%O uLuaya}O

Odij >0
Odij = O,lfl =j
Odij — d]l
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TRACE OF MATRIX

a1 a2 a3 -1 0 3
A=1lay ap a3z |=|11 5 2
azy ag2 ass 6 12 -5

3
trace(A) = tr(A) = Eaﬁi =a1 +ax +az =-1+5+(-5)= -1

i=1
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p(X) =
(27)

DIVERGENCE-NORMAL DISTRIBUTION
Assuming now that the density functions are Gaussians N'(,uf. 2 and N(,u.j. E_,,-)ﬁ

respectively, the computation of the divergence is simplified, and it is not difficult
to show that

eXp(—%(X—M)T z‘l(x—u)j

N~

bk

1 _ _ 1 e _
djj = trace(X; 'S+ 3715 -2 + S~ p)' (S7+ 57 — (5.22)

For the one-dimensional case this becomes

—

Og,wgo wa.:?JLQbLo alols '.: ).g‘).g QT QMJL?)%Q o551 fZi — Z] — Z ;‘O

dij = (; — )" =7 — g
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D
P, = / min [P(w)p(x|w;), P(wpp(x|w))] dx

Pattern Recognition




CHERNOFF BOUND

The minimum attainable classification error of the Bayes classifier for two classes
w1, > can be written as:

oo

P, = / min | P(w)p(x|w), P(w)p(x|w)| dx (5.23)

Analytic computation of this integral in the general case is not possible. However,
an upper bound can be derived. The derivation is based on the inequality

min[a,b] =a’b'™* for a,b>0, and 0=s=1 (5.24)

Combining (5.23) and (5.24), we get

oo

P = P(0) P(w)' ~* fp(x|w5)5p(x|mj)]_s dx = €cp

— 00

)
I
b
"I
ey

€cp is known as the Chernoff bound. The minimum bound can be computed by

minimizing €.z with respect to s.
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BHATTACHARYYA DISTANCE

A special form of the bound results for s = 1/2:

Po <ecp = J!’(w;)f’{wj)] \/jj{.t'le)j}{.‘t'lm_;)dx (5.26)

For Gaussian distributions \/ (L, >, N( i, 2;) and after a bit of algebra, we obtain

écp = /P(0)P(w)) exp (—B)

where

E,'+Ej
5 |

B=t - T(—-')_I BN
= g T M) > (i = W) + 5 n AR

o|.|: determinant

o B: Bhattacharyya distance
85 Cans pgVlale alols L bl bl alold olT sl T; = X
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EXAMPLE

Assume that P(w;) = P(w;) and that the corresponding distributions are Gaussians N (w, o'71)
and N (w, o31). The Bhattacharyya distance becomes

R I
oy t+o
1 (—uz ) 1. /o7 +o5y\/
B =—In =—ln( ')
2 ok =2k 2 20107
0y 03

If oy = 1000>, B = 1.9561 and
] T T T T T P() S 0.0707

0.8 ﬂ ]

0.6 ]

0.4 r .

0.2 j/ 1
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SCATTER MATRICES
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WITHIN-CLASS SCATTER MATRIX

M
Sw = Zpizi
i=1
where 2, is the covariance matrix for class w;
— . r
Etl' = E[(x — ‘Ll-)(.\ = ﬂ',) ]

and P; the a priori probability of class w;.

BETWEEN-CLASS SCATTER MATRIX

M
Sp = Zpi(l"'i — Bo(; — o)’
i=1

where u, is the global mean vector

M
Mo = ZP i
i
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MIXTURE SCATTER MATRIX

Sm = El(x — po)(x — p) ]

That is, §,, is the covariance matrix of the feature vector with respect to the global
mean. It is not difficult to show (Problem 5.12) that

Sm = Sw + S

1 M
O Sw = Zpizi
F g.© =1
&“8 M
L Sb =D Pilhy = poXpy — o)’
06~ O u._'g Q_)\‘-—' i=1
[e] @ .‘ -.S‘J'” — S.”- + S‘b
8, .
ey
FSRd
& .ﬁ. <
o®
2 - O
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CRITERION BASED ON TRACE
trace{s,, }

J1 = :
) trace{S;,; |

S = Suw + Sp M

I \ v = E P2
=1
Within Between !

CRITERION BASED ON DETERMINANT

1Sm | —1o
J2 = Syl = |5,-,-- Sml
S

J3 = trace(S,." S}
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SCATTER MATRIX (SPECIAL FORM, 1DIM.)

These criteria take a special form in the one-dimensional, two-class problem. In
this case, it is easy to see that for equiprobable classes |S,,| is proportional to 0'12 + 0'5
and |Sp| proportional to (u; — ,u,z')z. Combining S, and §,,, the so-called Fisher’s
discriminant ratio ( FDR) results

(1 — p2)?

FDR = > >
o] + 05

For the multiclass case, averaging forms of FDR can be used. One possibility is

B MM — u)?
FDRy =Y %

2 2
i e i +oj

where the subscripts 7, j refer to the mean and variance corresponding to the feature
under investigation for the classes w;, w;, respectively.
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SCATTER MATRIX (SPECIAL FORM, 1DIM.)

M
Sw = przr' ( )

, — )

:”_I FDR — Jufll M2

: . + {Tl

= D PiCl; = B — Bo)
i=1 (.UJ: .\t-"'-‘j)z
FDR, =

Sm = Sw + S Z;
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FEATURE SUBSET SELECTION
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(Suboptimal Forward/Backward Search)
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SUBOPTIMAL SEARCHING TECHNIQUES
SEQUENTIAL BACKWARD SELECTION

We will demonstrate the method via an example. Let m = 4, and the originally
available features are x,x2,x3,x4. We wish to select two of them. The selection
procedure consists of the following steps:

m Adopt a class separability criterion, C, and compute its value for the feature
vector [Xp,X2,X3,X4] r

m Eliminate one feature and for each of the possible resulting combinations,
that is, [xl,xg,,x-;,]r,, [.1?1,-’2?.1?4]T? [.1:1,.1’5,,.’3(:4]?1? [IQ?X5,I4]T, compute the cor-
responding criterion value. Select the combination with the best value, say

IVERVIEY &
[x1,x2,x3]" .

m From the selected three-dimensional feature vector eliminate one feature and
for each of the resulting combinations, [x, :rg]T, [x71,23] r [, x;,]T, compute
the criterion value and select the one with the best value.
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SEQUENTIAL BACKWARD SELECTION(EXAMPLE)

& 29,4 3l Se 90 oo

(1234)

(234) (134) (124) (123)

(24) (14) (12)
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SUBOPTIMAL SEARCHING TECHNIQUES
SEQUENTIAL FORWARD SELECTION

Here, the reverse to the preceding procedure is followed:

m Compute the criterion value for each of the features. Select the feature with
the best value, say x.

m Form all possible two-dimensional vectors that contain the winner from the
previous step, that is, [xl,:fz]T, [.Z'('],,.'X;,]T, [.xl,x4]T. Compute the criterion
value for each of them and select the best one, say [xq, x3] I
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SEQUENTIAL FORWARD SELECTION

(EXAMPLE)

(x, } [ () (%) Step 1

Example:
selection of m=3
out of n=4 features

{xl .xz] {x .x3}

(x2 X, } Step2

{x I o Step 3

Sl oo b, {21,X2,X4 ) acgozme 55 2,5 YU Jle yo LTO

o0 oS Sl acgomma oy ol aS o4ls 0929 ueuas LIO

Pattern Recognition




Sy 03 (6 pol pos Al A1 9500 9 9yt Slo b, 1)

m

(2) Slasi Sy 90 bl gl pril ails SHem S Jls job «

o o= b oot Ohgy o OV pl ples 0pdy pll Wl aulw
iy o0 Aoy Olgz A aS 0 )5 ol )les el ol pls Laied el

Pattern Recognition




LDA, LINEAR DISCRIMINANT ANALYSIS

P
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LINEAR DISCRIMINANT ANALYSIS

ShIs 51 gy p Wodls pguas a5 09d o CBL (amio pl) o Slasiin by, (pl ;00

Between Class Scatter Matrix

M
Sp = Zl’i(l-l«,- — o) — I‘())[

i=1

where u, is the global mean vector
M
Mo = Zpiﬂi

U
Sw = Z P,-Z,- Within Class Scatter Matrix

§=1
where 3,; is the covariance matrix for class w;

and P; the a priori probability of class w;

.A@QGA J.A.iw ‘) W w’).sl.o ‘SW Sb °39 )‘d..o.a 2 s La).[aLM 39 LSLQ)“))'.’
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LINEAR DISCRIMINANT ANALYSIS
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FIGURE 5.6 (@) (b)

(a) The optimal line resulting from Fisher’s criterion, for two Gaussian classes. Both classes
share the same diagonal covariance matrix, with equal elements on the diagonal. The line is
parallel to w, — m,. (b) The covariance matrix for both classes is nondiagonal. The optimal line
is on the left. Observe that it is no more parallel to w; — w,. The line on the right is not optimal
and the classes, after the projection, overlap.
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LDA
osls — Jlee
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— Samples for class o, : X;=(%,,X,)

2)5(8,7),(10,8) }

{(9,10),(6,8),(9

(%,%)=

— Sample for class w, : X,

.llll_.lll'lll T T L b e
1 i 1 i i i 1 i 1
1 1 1 I 1 1 ] 1 1 I
1 1 1 1 1 1 i 1 [ 1
] 1 1 I 1 I ] ] I I
1 1 1 1 ] 1 [ I
S S .i---..:.l---.i--._-- S
1 1 1 1 1 1 [ 1
I 1 1 1 1 1 i 1 [ 1
i i i 1 i i i i i 1
1 1 1 1 1 1 1 1 [ 1
1 1 1 1 1 I 1 [ 1
laseebe ool csashessdesse bee oo s o de s ais e
1 1 1 1 1 1 1 1 1
i i i 1 i i i i I 1
1 1 1 1 1 1 I 1 [ 1
1 1 1 1 1 1 1 1 [ 1
i i i 1 i i i 1 i 1
B o o o o ]
1 1 1 1 1 1 i 1 1 I
1 1 1 ] 1 1 ] 1 I I
1 1 1 1 1 1 1 1 [ 1
i 1 i 1 i i i 1 [ 1
1 1 1 1 1 i 1 [ 1
-l.ll.l.-l.ll.ll.l.l.-.ll.l.lf.l B T e e e P
i i 1 i i i i I 1
1 1 1 I 1 1 ] 1 [ I
i 1 I 1 i 1 i 1 I 1
1 1 1 1 1 I I 1 [ 1
1 1 1 1 1 1 1 1 [ 1
[ Ll L L L e e P
1 1 1 1 1 1 I 1 [ 1
1 1 1 1 1 1 1 1 [ 1
i i i 1 i i i 1 [ 1
1 1 1 ] 1 1 ] 1 1 1
i 1 I 1 1 I 1 1
[Ty SO S-S S I .‘||||T| |.‘.|||T|||
1 1 1 1 1 1 1 1
1 1 i 1 1 1 i 1 [ 1
1 1 ! i 1 ! 1 1 I I
1 1 1 1 1 1 ] 1 [ 1
i i ! i I i i I i
lememmbe cede e e bmm e S
i 1 1 ] 1 ] [ [ 1
] 1 | I 1 | ] 1 I I
1 1 1 1 1 1 1 1 [ 1
i 1 I 1 1 I i 1 I 1
I I | I I | [ I
S S I S S— W [
i i i ] i i [ 1
1 1 1 1 1 1 ] 1 [ 1
1 1 1 1 1 1 i 1 [ 1
] ] 1 I 1 1 ] 1 I I
1 1 1 1 1 1 ] 1 [ I
===k ccdeccc k== =k===4d= m=ksccsdescsdecad====
1 1 1 1 1 1 ] 1 [ 1
1 1 1 1 1 1 i 1 [ 1
i i i i i i i i i i
1 1 1 1 1 1 1 1 [ 1
1 1 1 1 1 ! i 1 [ I
L i 1 L i i ' i 4
m =2 o = =) .u... - Lt | [} - =]
: A

X

Pattern Recognition



el dplne 3 gl pl8

The classes mean are :

= g¢lass means
Mul mean(X1) ';
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Covariance matrix of the first class:

segenent LG

Pattern Recognition




u.v)lf 99 u**’l?.)|95 ML?:A :P9d f:lf

Covariance matrix of the second class:
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* Within-class scatter matrix:
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T = 5703 ) 3 -
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L 0.0166 0.1827 )| —3.8
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NEURAL NETWORK AND
FEATURE SELECTION

Recently, efforts have been made to use neural networks for feature generation
and selection. A possible solution is via the so-called auto-associative networks.
A network is employed having 2 input and 2 output nodes and a single hidden
layer with / nodes with linear activations. During training, the desired outputs are
the same as the inputs. That is,

n
E) =Y (Jr(D) — xp(D)°
k=1
where the notation of the previous chapter has been adopted. Such a network has

a unique minimum, and the outputs of the hidden layer constitute the projection of
the input m-dimensional space onto an /-dimensional subspace.
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DEEP LEARNING (DEFINITION)
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Class scores

i

TRAINABLE CLASSIFIER MODULE

t

Feature vector

i

FEATURE EXTRACTION MODULE

T

Raw input

Pattern Recognition




() SoglgilS (orae sloaSd oul
CONVOLUTIONAL NEURAL NETWORK
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Input Feature extraction + Classification Output
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Pattern Recognition
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o Simple Convolution.

o 1x1 Convolutions (Pointwise convolutions).
o Dilated convolution (Atrous Convolution).
o Flattened Convolutions.

o Spatial and Cross-Channel convolutions.

o Depthwise Separable Convolutions.

o Grouped Convolutions.

o Shuffled Grouped Convolutions.

o Deconvolution (Transpose convolution, Fractionally Strided
convolution)

o Pixel Shuffle convolution for Super-resolution o
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ROC - AUC (EXAMPLE)
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wr = [(1, 1), (1,2), (1,4), (2, 1), (3.1). (3,3)
wy = [(2.2),(3,2), (3.4), (5,1), (5,4), (5,5)
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wr = [(1,1),(1,2), (1,4),(2.1),(3,1).(3,3)]
wa = [(2,2),(3,2).(3,4), (5, 1), (5,4), (5.5)]
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