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ARTIFICIAL NEURAL NETWORKS
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LINEAR DISCRIMINANT FUNCTIONS AND
DECISION HYPERPLANES
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The basic perceptron model
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g = X1Wq + XoW»o +X3 W3 + -+ Wy
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THE PERCEPTRON COST FUNCTION

JW) =) (8 W)

X€EY

oY = the set of misclassified points

—1,x € w,
O5x - {+1,x S W»

o/ =0
oif ] = 0,solution has been obtained
o for each misclassified point: 5, WTx > 0
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6, = —1,if x € w; (Black circle)
6, = +1,if x € w, (white circle)

Y = {Xll XZI XB}
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GRADIENT DESCENT METHOD TO MINIMIZE
THE COST FUNCTION

df (w)
Jdw

w(d + 1) =w() — p;

w=wr)
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THE GRADIENT DESCENT METHOD

J@ 4

0(new) = 6(old) + A6
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THE GRADIENT DESCENT METHOD-EXAMPLE

J@ A (0) B 92
]u =01 O(new) = @(old) + A
] (@)

A= —pu——
- d0 10=0(old)

A9 =—-01x2x3=-06

Ty

—2 0 3
AG = —0.1X2x(=2)=—04
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The Perceptron Algorithm

po =1 BATCH
m Choose w(0) randomly 1 MODE
Pt =7
m Choose pg . t
Al oo 28 P pley e 4
m/i=0
m Repeat oyl oty 0 L bl g
® )/ — w ﬁ
e Fori=1toN
O If dy; wi®)!'xi=0thenY =Y U {xi} Coy3b gy IS Ly bl acgorme (28 sl il
e End {For}
@ ll’(t : 3 1) = tl’(t) - p[ Z.\'GY 8.\-~\‘ — l_a,u)j ‘5,L,_,) 39y &

oelt=t+1
mUntilY =0
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EXAMPLE

w@: x; +x—05=0

The line classifies correctly

p =07

0.5

all the vectors except [0.4,0.05]7 and [—0.20,0.75]7.

the next weight vector will be

-4 -
wit+D=| 1 |=07=D)
| —0.5 ]
or T 1,427
wi+ 1) =] 051

| —0.5 |

0.4

—0.2
0.05 | —07¢+1| 075 | "
1 1

—0.5

—0.5

The resulting new (solid) line 1.42x; + 0.51x — 0.5 =0

classifies all vectors correctly, and
the algorithm is terminated.
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CONVERGENCE OF PERCEPTRON ALGORITHM

Aol alsly goaxie Glaclex Canl (Sewo 49y p s 6510
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pr must satisfy the following two conditions:
t
lim Z = o
f—o pk
k=0

f

lim E 2 < o

f—0 p‘fe
k=0
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ROSENBLATT ALGORITHM, SAMPLE MODE,
PATTERN MODE:

w(id + 1) = wl) +pxg if xq) € wp and wT(r)xm =0

wid + 1) = wl) —pxg ifxg) €wrand wT(I)xm >0

w(t + 1) = w() otherwise
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R * 0‘ *0 =
Jle — &DL55, p2s 565!
Points (—1.0),(0, 1) belong to class wq,
and points (0, —1),(1,0) belong to class w..

The parameter p is set equal to one, and the initial weight vector is chosen as
w(0) =10,0,0]” in the extended three-dimensional space.

—1 —1 —1
Step 1. w! (0) 0 | =0, w(l) = w) + 0 | = 0
1 1 1
-'\'.2 'y
0 16
Step 2. w (| 1 | =1>0, w@) = w)
1
3
—1e
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EXAMPLE 2 (CONT)

0 0 —1
Step 3. w' -1 |1=1>0, wRH=w)—-|-1 | = 1
1 1 0
- -
Step 4. w' D] 0 | =-1<0, w4 = w3
1
- — .r_z 'y
1
Step5. w! @] 0| =1>0, w) = w4 Le
1
0] . -
Step6. w!(H| 1 |=1>0, w© = w) 1 IR
1
0 ] —1e
Step7. w! | -1 | =-1<0, w( = w®)
1
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THE BASIC PERCEPTRON MODEL

(a)

f () is the step function
Jfx)=—1if x<0
fx)y=1 if x>0

The basic perceptron model.
A linear combiner is followed by the activation function
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PERCEPTRON VS ADALINE

» The Perceptron uses the
class labels to learn model
coefficients

— output

Net input Activation
function function

Perceptron rule. « Adaline uses continuous
predicted values to learn the
model coefficients, which is
more “powerful” since it

_@_ tells us by “how much” we

output ]
were right or wrong.

Net input Activation Quantizer
function function

Adaline. « The algorithm is known as
Widrow—Hoff algorithm.

w(t +1) = w(t) + pexe (v — x{ w(t))

Pattern Recognition




ROSENBLATT

w(t + 1) = w() + px if X € W] and wT(’r)x{ﬁ =0
w(t + 1) =wi) —pxy it x4 € wz and wr(_'r)x{f;. >0

w(t + 1) = w(t) otherwise

ADALINE

w(t + 1) = w(t) + pexe (e — x{ w(t)) ye = 1
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SUM OF ERROR SQUARES ESTIMATION

N N N
Zxr'(_'l":' - er) = 0= (Z x:xjﬁ) w = Z(_'xr'yf.)
i=1 i=1

i=1

That is, X 1s an N X [ matrix whose rows are the available training featg VEC-
tors, and y is a vector consisting of the corresponding desired [esponses 'hen
Zr_lx,xr = X' X and also Z:—le]’l = X'y. Hence

XX =XTy=w=x"X)"1xTy
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Example 3.4
Class w; consists of the two-dimensional vectors [0.2,0.717,10.3,0.317, [0.4,0.5]7, [0.6,
0.517,10.1,0.4]7 and class w> of [0.4,0.6]7, [0.6,0.217,[0.7,0.4]T, [0.8,0.6]T, [0.7,
0.5]7. Design the sum of error squares optimal linear classifier wx; + wox> + wo = 0.

We first extend the given vectors by using 1 as their third dimension and form the 10 X 3

matrix X, which has as rows the transposes of these vectors. The resulting sample correlation
3 X 3 matrix X7 X is equal to

0.2 0.7 1

28 224 48 07 05 1
XT'x =1224 241 47
48 47 10

The corresponding y consists of five 1's and then five —1's and

—1.6
xXTy=1 01

0.0 G
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FIGURE 3.7
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0

0.5

Least sum of error squares linear classifier. The task is not linearly separable. The linear LS
classifier classifies some of the points in the wrong class. However, the resulting sum of error

squares Is minimum.
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