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o Algorithm 1.7: nth Fibonacci Term (Iterative)

int /ib2 (int n) {
index /;
int /[0 .. n];
10]=0;
if (n > 0){
11]=1,
for (i = 2; i<=n; i++)
fli]="fi-11+Ff[i-21;}
return [ n J;
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The binomial coefficient
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O Definition

(nj ' for 0<k
— < k <
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O Recursive definition
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The binomial
coefficient




Binomial Coetticient
Using Divide-and-Conquer

int bin (int n, Int k) {
if(k==0||n==k)
return 1;
else
return bin (n-1, kK- 1)+bin (n - 1, k);




Using dynamic programming

ol o silw 033 gl B T 5l solal O
a8 O
(S 3k aluly olomy |

Bli—1][J-1]+B[i-1][J] O< J<I

B[i][j]:{l j=0 or j=i
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Binomial Coetticient Using Dynamic
Programming

int bin2 (int n, int k) {

index /, j;

int B[0..n] [0..k];

for (i =0;i<=n;i++)

for (j =0; j <= minimum (i, k); j++)
ifG==0]|lj==1)
Blil[ j]1 = 1;

else

BIi1[j] = B[i - 11[j - 1] + B[i - 1] [j1;
Ceturn B[n][k];[l][]] [i-1]1- 1]+ Bli- 1] [J]
¥
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Time complexity

o The number of passes through the for-j

loop for each value of i
i lo 1 2 3 ... Kk k+1 .. n

Number of 1 2 3 4 ... k+¥1 k+1 ... k+1
passes

1+2+3+4+---+k+(k+1)+(k+1) +---+(k+1) =

n—k+1 times

D 4 (n-krpk+p = 2 ok
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Floyd’s algorithm for shortest paths
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Figure 3.2 @ A weighted, directed graph.
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S yalone ke S5 3 eolil b GBIS oled
(Adjacency matrix)

(weight on edge if there is an edge from vV, 10 vV,
WIi][J]=4 o If there Is no edge from y. 10 V,

kOif =]

2 3 4 5 2 4 5
1]o0 o0 5 1|0
2l9 0 3 2 o 2|8 0o 3 2 5
3|l o 0 4 o 310 11 0o 4 7
4l o 2 o0 3 4le 7 2 o0 3
5|3 ® o o 0 5|3 4 6 4 o0

w D

Figure 3.3 ® W represents the graph in Figure 3.2 and D contains the lengths of the shortest paths. Our
algorithm for the Shortest Paths problem computes the values in D from those in W.
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O Create a sequence of n+1 arrays D),
where 0 < k < n and where

D®[i1[j] = length of a shortest path from
v; to v; using only vertices in the set {v;,
V>, ..., Vi.» as intermediate vertices

DO) = W and D" = D
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To compute D® from D®)

O Case 1. At least one shortest path from
v; to v;, using only vertices in {vy, v, ..
V. + as intermediate vertices, does not
use v,. Then DX[/][j] = D*DIi][J]

0 Case 2. All shortest paths from v; to v,
using only vertices in {v4, V5, ..., V) as
intermediate vertices, do use v,. Then
DUWIi][j] = DUD[I][k] + D*DIK][J]

a4
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Put together

A shortest path from v;to v;using only vertices in {vy,V,, ..., v}

A
{ I}
\. 7 \ 7
'S Y
A shortest path from v;to v, using A shortest path from v, to v;using
only vertices in {vy,v,, ..., v} only vertices in {vy,V,, ..., V,}

Figure 3.4 @ The shortest path uses v;.

o DWIiG] = minimum(D%V[i][j], D¥D[i][k] + DUDIK]L])

O
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= Min{D[
= Min{D[
= Min{D"[
= Min{D"[
1= Min{D"[
1= Min{D"[
1= Min{D"[
1= Min{D[
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+D0’
+DO'
+DO'

= s

+ DO
1]+ DO

> = =
Il

y=Min{9,9+0}=9
= Min{3,9+ o0} =3
Min{2,9+1}=2
1} = Min{e,9+5}=14
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The algorithm

void floyd (int n, const number W[][], number D[][])

{
index /, j, k;
D =W,

for (k = 1; k<=n; k++)
for(i=1;i<=n; i++)
for(j =1;j<=n;j++)
DIi1lj]1 = minimum(DI[i][j], DIil[k] + DIK]Lj1);
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Every-case time complexity

0 Basic operation: The instruction (if) in the
for-j loop

o Input size: n, the number of vertices in
the graph

O Time complexity:
T(nN) =nxnxn=n3e6(n3)
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Floyd’s algorithm for shortest paths

void floyd2 (int n, const number W[][], number D[] [],
index P[] [])
{

index, /, j, k;
for(i=1;i<=n;i++)
for(j=1;j<=n; j++)
PLiI] = 0;
D=W

for (k=1; k <= n; k++)
for(i=1;i <= n; i++)
for(j=1;j<=n; j++)
if (D[/1[k] + D[k1[j1 < DL {
PLi1[J] = k;
DIi1lj]1 = DILillk] + DIK1[j]; }

23




Sample output

4

5

5

0

0

0

g ooyl (gl P oyl O

Figure 3.5 o The array P produced when Algorithm 3.4 is applied to the graph in Figure 3.2.
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void path (index g, r)
{
if(Plg]l[r]!'=0)X
path (q, Plq] [r]);
cout<<"v'<<Plgl]llrl];
path (PLg 1L r], r);
¥
¥
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void path (index g, r)
{
i{f(P[q][F] ' =0)

natrh (A _DlAll-~1)\-

patn—q,—tqi1tri);

cout < < "v" < < P[q][r];
}path (P[q][r], r);
b
path(3,1)

path(3,5) v5
path(3,4) v4  path(4,5)

\_ﬁf——J \—ﬁf_—d

path(5,1)
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Dynamic programming and
optimization problems
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Principle of optimality

(LS)L::&‘) _ «.si""Qr’ J*a‘

The optimal solution to the instance
contains optimal solutions to all
subsinstances
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Principle ot optimality (Example)

if v, is a vertex on an optimal path form v;
to v;, then the subpaths from v; to v, and

from v, to v; must also be optimal.
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Principle ot optimality

It is necessary to show that the principle
applies before using dynamic
programming to obtain the solution
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Longest simple paths problem

0 The longest path from v, to v, is [vy, V3,
V>, V,]. However, the subpath [v4, v3] is
not optimal

Figure 3.6 ® A weighted, directed graph with a cycle.
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o To multiply an /i xj matrix times a j x kK matrix, the
number of elementary multiplications is: i xj x k

3979 5 e Sle Wiz 0o sl (Al (lagsucadsh) Glaces 5 O
Dg dlem gl p3Y o olasd a0 aS o)l
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Example

A x B x C x D
20x2 2x30 30x12 12x8
A(B(CD)) =>The number of multiplications = 3680

A((BC)D) 1232
(AB)(CD) 8880
(A(BC))D 3120

((AB)C)D 10320
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Using dynamic programming

O Some properties

= the number of columns in A,_, equals the
number of rows in A,

= We can let d, be the nhumber of rows in A; and
d, be the number of columns in A, for 1 <k <
n, the dimension of A, is d,.; xd,

34




Introducing a sequence of arrays

o M[i][j] = minimum number of
multiplications needed to multiply A,
through A, if /i < J.

o M[i][i] = 0

0 Example

A, x A, xA; xA, xAs xAg
5x2 2x3 3x4 4x6 6x7 7x8
d, d, d,d, d, d; d; d, d, ds ds d;

What is M[4][6]?
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To multiply 6 matrices

o Possible factorizations
= A (A A3 AL A5 Ag )
= (A1 A) (A3 A4 A5 Ag ) . .
= (ALAA3) (AL A5 Ag) P‘“"’fo
= (A1 A A3A4) (A5 Ag)
= (AL Ay A3 AL As) Ag

o The number of multiplications for the kth
factorization:

M[1][k] + M[k+1][6] + d, d, d.
O Therefore (Recursive Equation)

MI[1][6] = min imum(M[1][k]+ M[k +1][6]+dodk de)

1<k <5
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M1 = minimum(MiTK]+ Mk + 201+ di sded ).
{ N MIi][i]=0

Diagonal 1 Diagonal 2 Diagonal 3 Diagonal 4 Diagonal 5

\\\\\

1< ]

1 i M 226
A A jL ' "3'3:- ,‘3:3::53?55”
2 0 24 72 156
3 0 72 198
k }

4 J 168
5 0
6

348 <«=—— Final

answer

268

366

392

336
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Example

M [1][3] = Min{M [1][1] + M[2][3] + dgd1d3, M[1][2] + M[3][3] + dpdd3}
= Min{0+ 24 + 40,30+ 0+ 60} = 64

M[2][4]= Min{M[2][2] + M[3][4] + d1d2d4, M[2][3] + M[4][4] + d1d3d4}
=Min{O+72+36,24+0+48}=72

M[1][4] = Min{M [1][1] + M[2][4] + dgd1d4, M[1][2] + M [3][4] + dpd2dy4
MI[3]+ M[4][4]+dpd3d4}
=Min{0+72+60,30+72+90,64+0+120}=132

A X A, xA; XA, XA, XA
5x2 2x3 3x4 4x6 6x7 78
0 0, 0 Gh O 03 03 0y Oy 05 G5 O
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The algorithm

int minmult (int n, const int d [], index P [][] )
{
index /, j, k, diagonal,;
intM[1. n][l.. n];
for (i=1;i< =n; i++) M[i][i] = 0O;
for (diagonal = 1; diagonal <= n - 1; diagonal++) // Diagonal-1 is
for (i = 1; i <= n - diagonal; i++) { // just above the
Jj =i + diagonal; // main diagonal
MLil[j] = minimum (M[/][k] + M[k + 1][j] + d[i - 11*d[k]*d[j]);

i< k<j-1
P[i]1[j] = a value of k that gave the minimum;
b
return M[1][n];

¥
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Every-case time complexity

0 Basic operation: instructions executed for
each value of k

o Input size: n, the number of matrices to
be multiplied

0 Time complexity

n(n—-1)(n+1)

n-1
> [(n—diagonal ) x diagonal ] =

diagona¥l

e O(n°)
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To obtain an optimal order from
array P

]
2 2 3 4 5
3 3 4 5
4 4 5
5 5

Figure 3.9 ® The array P produced when Algorithm 3.6 is applied to the dimensions in Example 3.5.
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Print optimal order

void order (index j, index j)

{
if (/j ==)
cout << "A" << |;
else {
k = PLi] Ul;

cout << "(";
order (i, k);
order (k + 1, j);
cout << ")";

»
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Optimal Binary Search Trees
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Dlo 855,98 g0 S Tos (29990 L0 0,5 ,a O

oS (rl e sl ;R g 555 0S5 Jlade sl el ol 0 O

Al : ..i‘:ﬂs

43



Examples

Isabelle @ @ isabelle @ @

Figure 3.10 e Two binary search trees.
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Balanced tree
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The search algorithm

o Algorithm 3.8: Search Binary Tree

Problem: Determine the node containing a key in a binary
search tree. It is assumed that the key is in the tree.

void search (node_pointer tree, keytype keyin,
node_pointer& p)

{

bool found;
p = tree; found = false;
while (! found)
if (p->key == keyin) found = true;
else if (keyin < p-> key);
p = p-> left; // Advance to left child.
else p = p-> right; // Advance to right child.

46



The average search time
el gezins lo;

O Search time: the number of comparisons done to
locate a key

o Search time for key is: depth(key) + 1
o The average search time: N
ZCi P
i=1

Where n is the number of keys, p; the probability
that Key; is the search key, c¢; the number of
comparisons needed to find Key;

47
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Figure 3.11 @ The possible binary search trees when there are three keys.
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Brute force search complexity to find
optimal solution
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To develop an etticient algorithm

o Principle of optimality applies
J
o Let A[/][j] = minimum value of ZCm Pm
m=li

o AL/l = p;
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To search a key in Tree £

O Let Tree k be the optimal tree that Key, is at
the root

For each key, there is one
additional comparison at
the root. l

Average search time
in this subtree
is A[1][k— 1]

Average search time
in this subtree
is Alk +1][n)

.........

Figure 3.13 e Optimal binary search tree given that Key, is at the root.
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The average search time

‘i[:,ll’f_?_l_], + Pl+---+pk—11 + Dk + i’i[kﬂ-l][nl -+ ?k+1+"'+pﬁﬁ

Average time in Additio;al time Average time Averag:er time in Additio;al time
B left subtree comparing at root searching for right subtree comparing at root
L root
n
:A[l][k—1]+A[k+1][n]+Z P . Q
o
ALIN = Minimum(Ak - 1]+A[k+1][n])+2 o
1<k<n

Afils] = minimum(AW[k ~ 1] + Afk + ) + X9, pm i <
Ali][s] = p;
Alt][i — 1] and A[j + 1][4] are defined to be 0.
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The algorithm(Matrix initialization)

for(i=1i<=n;i++)

{
Ali]li = 1] = 0;
Ali][i] = pli];
R[i][i] = i;
R[i][i — 1] = 0;
}

An+ 1][n] = 0;
R[n + 1][n] = 0;
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The algorithm (cont’d)

for (diagonal = 1; diagonal <= n — 1; diagonal + +)
for(i = 1;i <= n — diagonal; i + +)

{

j = i + diagonal;
Ali]lj] = minimum (A[i][k — 1] + Alk + 1][j]) + Z P,

l<k<] m=i

R[i][j] = awvalue of k that gave the minimum;

minavg A[1][n];
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Every-case time complexity

O Basic operation: The instructions executed for
each value of k

o Input size: n, the number of keys
o Time complexity:

n(n—1)(n+4)

T(n)= .

e O(n°)
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Build optimal binary search tree

node_pointer tree (index i, j)
{
index k;
node_pointer p;
k = R[i][j];
if (k ==0)
return NULL;
else{
p = new nodetype;
p->key = Key[k];
p->left = tree(i, k - 1);
p->right = tree (k + 1, j);
return p;




AN = Mini mum(Amk -1+ A[k+1][”]>+i_ P.
Example (1)

o Keys: Don Isabelle Ralph  Wally
Key[1l] Key[2] Key[3] Key[4]
p,=3/8 p,=3/8 p;=1/8 p,=1/8

o Arrays produced

o 1 2 3 4 o 1 2 3 4
1o 2 2 ¥ I 1lo 1 1 2 2
2 o < 2 2 0 2 2 2
3 o 5 = 3 o 3 3
4 o 3 4 o 4
5 0 5 0

A R

Figure 3.14 e The arrays A and R, produced when Algorithm 3.9 is applied to the instance in Example 3.9.

57




The resultant tree

Isabelle

Figure 3.15 @ The tree produced when Algorithms 3.9 and 3.10 are applied to the instance in Example 3.9.
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AN = Mini mum(Amk -1+ A[k+1][”])+i P.
Example (2)

o Keys: A B C D
p;=1/8 p>=4/8 p;=1/8 p,=2/8

Initialization

0O 1 2 3 4

0 1/8

1
2 0. 4/8
_3 0. 1/8
A%, 0. 2/8
5

0]
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AT = Minit mum(AIk —1]+ A[k+1][”]>+i P,

1<k<n m=1

Example (2) ...

o Keys: A B C D
p1=1/8 p,=4/8 p3=1/8 p,=2/8

0 1 2 3 4  Alll2]=min{A[1][0]+A[2][2],
A[1][1]+A[3][2]}

110 1/8 7 +1/8+4/8 = 6/8
2 0. 4/8
3 0. 1/8 O,
A=, 0 28 \ /
5 0 O)

A[1][0] A[2][2] A[1][1] A[3][2]
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AT = Minit mum(AIk —1]+ A[k+1][”]>+i P,

1<k<n m=1

Example (2) ...

o Keys: A B C D
p1=1/8 p,=4/8 p3=1/8 p,=2/8

A[1][3] = min{A[1][0]+A[2][3],

0 1 2 3 4 A[1][1]+A[3][3],
A[1][2]+A[4][3]1}
1|0 1/8 6/8 ¢ +1/8+4/8+1/8
2 0. 4/8 6/8
A= 0. 1/8 4/8 O) ©
4 0. 2/8 AN VAN /
. 0 ® ©
A[1][0] A[2][3] A[1][1] A[3][3]  A[1][2] A[4][3]
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The traveling sales person problem
Q;o)sd OMEJS C\JLo.wo

o Tour (Hamilton circuit): a path from a
vertex to itself that passes through each
of the other vertices exactly once

o Optimal tour: such a path of minimum
length

o Brute force algorithm is
(n-1)(n-2)---1 = (n-1)!
o Principle of optimality applies
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Representation of the graph

3

4

1 2 3 4
0 2 9 00
1 0 6 4
o 7 0 8
6 3 0 0

Figure 3.16 @ The optimal tour is [vi, v3, v4, v2, vi].

Figure 3.17 @ The adjacency matrix representation W of the graph in Figure 3.16.
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Preparation

0O Let D[v;][A] = length of a shortest path
from v, to v, passing through each vertex
in A exactly once

0o Compute D[v,][A] when A = {v5} and A =
{V3I V4}

64



The algorithm

o0 Length of an optimal tour =
Minimum®ELjl+Dly IV ~{v,. v}

2<j<n

0 In general fori =1 and v, notin A
DIv.I[AI= MInimumMIIL1+Dly IIA-{y }) if A=¢

j:VJ_eA

Dlyv llg] =W][]
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3

4

Figure 3.17 @ The adjacency matrix representation W of the graph in Figure 3.16.

1 2 4
0 2 0
1 0 4
o 7 8
6 3 0
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The Algorithm

void travel (int n, const number W[][], index P[][], number& minlength)
{

index /, j, k;

number D[1..n][subset of V - {v1}];

for (i = 2; i <= n; i++) D[II[@] = W[i[1];

for (k=1 k<=n-2; k++)
for (all subsets A € V - {v,} containing k vertices)
for (i such that/ # 1 and v;is not in A){
D[i][A] = minimum (W[i][j] + DUIA - {vj}]);
JiVv,eA
P[i][A] = value of j that gave the minimum;
b
D[1][V - {v1}] = minimum (W[1][j] + DIV - {v1, vj}]);
2<j=<n
P[1][V - {v1}] = value of j that gave the minimum;
minlength = D[1][V - {v1}];
b
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Every-case time complexity

0 Basic operation: the instructions executed
for each value of v;

o n, the number of vertices in the graph
O
T(n) = (n-1)(n-2)2"3 e ®(n%2")
O ;
M(n) = 2 x n2"1 = n2" € ®(n2")
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Catalan Number
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YIS alal,

2n)!
C, = L (211) = (2n) for n > 0.
n+1\n (n+ 1)!'n!

Coy=1 and Cpyy=» C;Cp; forn>0.
1=0
2(2n + 1)

Cyp =1 d C,u =
0 an +1 n -+ 2

mn»
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