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o Example: n-Queens problem
= Sequence: n positions on the chessboard
m Set: n? possible positions

= Criterion: no two queens can threaten each
other
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Depth ftirst search (Example)
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Figure 5,1 ® A tree with nodes numbered according to a depth-first search.




4-Queens problem
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Looking for signs for dead ends
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4-Queens problem (1)




4-Queens problem (2)




4-Queens problem (3)




4-Queens problem (4)
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4-Queens problem (5)
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Pruned state space tree
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Avold creating nonpromising nodes

void ezpand(node v)

{

node u;

for (each child u of w)
if (promising(u)) |
if (there is a solution at u)
‘write the solution:;
else
expand (u);
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The 7-Queens Problem

o Check whether two queens
threaten each other:

o Col(i) is the column where the
queen in the ith row is located,

o Check diagonal 3| f

m col(i) —col(k) =i—-k 41

m col(i) —col(k) =k -i 5
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The algorithm

void queens (index i)
{
index j;
if (promising (i))
if (i ==n)
cout << col [1] through col [n];
else
for(j=1;j<=n; j++){ // See if queen in
col[i+1]=13j;// (i + 1) st row can be
queens (i + 1); // positioned in each of
// the n columns.}

15



The algorithm (2)

bool promising (index i){
index k;
bool switch;
k=1;
switch = true; // Check if any queen threatens
while (k < i && switch)
{ // queen in the ith row.
if (col [i] == col [Kk] || abs (col [i] - col [k])
switch = false;
k++;

»

return switch; }

k)
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Ftficiency

o Checking the entire state space tree (number
of nodes checked)

nn—l—l -1

l+n+n?+n’+---+n" = —
o Taking the advantage that no two queens can
be placed in the same row or in the same
column
1+n+n(n-1) + n(n-1)(n-2) + ... + n!
promising nodes
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Comparison

e Table 5.1 An illustration of how much checking is saved by backtracking in the n-Queens problem*

Number of Nodes Number of Candidate Number of Nodes Number of Nodes
Checked by Solutions Checked by  Checked by Found Promising
n  Algorithm 17 Algorithm 2* Backtracking by Backtracking
4 341 24 61 17
8 19,173,961 40,320 15,721 2057
12 9.73 x 102 4.79 x 10% 1.01 x 107 8.56 x 10°
14 1.20 x 10'° 8.72 x 10" 3.78 x 10° 2.74 x 107

*Entries indicate numbers of checks required to find all solutions.

TAlgorithm 1 does a depth-first search of the state space tree without backtracking.
FAlgorithm 2 generates the n! candidate solutions that place cach queen in a different row
and column.
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Graph coloring
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The pruned state space tree
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Algorithm 5.5 (1)

void m_coloring (index i) {

int color;
if (promising (i))
if (i==n)

cout << vcolor [1] through vcolor [n];
else
for (color = 1; color <= m; color++){
vcolor [i + 1] = color;
m_coloring (i + 1);
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Algorithm 5.5 (2)

bool promising (index i) {
index J;
bool switch;
switch = true;
Jj=1;
while (j<i && switch){

if (W[i][j] && vcolor[i] == vcolor[j])

switch = false;
Jt++;
¥

return switch;

»
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Algorithm 5.5 (3)

o The top level call to m_coloring
= m_coloring(0)

0 The number of nodes in the state space
tree for this algorithm

mn-l—l o]

m— 1

l+m+m?+- - +m" =
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The Sum-of-Subsets Problem
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Suppose that n = 5, W = 21, and |
wy =9 wo = 06 wsg = 10 wy = 11 ws = 16.
Because

w +we+w3=54+64+10=21,
wy +ws =5+ 16 = 21, and
w3—|—w4:10+11=21,

the solutions are {wy, we, w3}, {w1, ws}, and {ws, ws}.
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State Space Tree

Wo 0 Wy 0 )
Wy 0 W 0 W3 0 W3 0

Figure 5.7 ® A state space tree for instances of the Sum-of-Subsets problem in which n=3.
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When W =06and w, =2, w, =4, w, =5
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To check whether a node 1s promising

o Sort the weights in nondecreasing order

0 To check the node at level j
= weight + w;.; > W
= weight + total < W
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When W=13and w;, =3, w, =4, w3, =5, w,=06

Wy =4 4 0 4 0

_ %
W3=5 5 0 5 0 5 0
W= 6 X 5 X > X X
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The algorithm 5.4

void sum_of _subsets (index /i, int weight, int total){
if (promising (i))

if (weight == W)
cout << jnclude [1] through include [i];

else{
include [i + 1] = "yes";
sum_of_subsets (i + 1, weight + w[i + 1], total - w[i + 1]);
include [i + 1] = "no";
sum_of_subsets (i + 1, weight, total - w [i + 1]);

¥
¥

bool promising (index i);{
return (weight + total >=W) &&
(weight == W || weight + w[i + 1] <= W);
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Time complexity

o The first call to the function
sum_of_subsets(0, 0, total) where

total :Zn:vv[j]

0 The number of nodes in the state space
tree are
1+2+ 22+ ...+ 2" =-1+2"*1
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The Hamiltonian Circuits Problem
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Example (1)

o Hamiltonian Circuit
= [vl, v2, v8, v/, v6, V5, v4, v3, v1]

)
L
\_
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Example (2)

0 No Hamiltonian Circuit!
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Algorithm 5.6 (1)

void hamiltonian (index i) {
index j;
if (promising (i))
if (i == n-1)
cout << vindex [0] through vindex [n - 1];
else
for (j = 2; j <=n; j++){
vindex [i + 1] = j;
hamiltonian (i + 1);
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Algorithm 5.6 (2)

bool promising (index i) {
index j;
bool switch;
if (i == n-1 && 'WJ[vindex[n - 1]] [vindex [0]])
switch = false;
else if (i > 0 && 'W[vindex[i - 1]] [vindex [i]])
switch = false;

else{
switch = true;
] =1;

while (j < i && switch){
if (vindex[i] == vindex [j])
switch = false;
j++;
¥
b

return switch;
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Algorithm 5.6 (3)

o The top level call to hamiltonian:
m vindex [0] = 1, //Make v, the starting vertex.
= hamiltonian (0);

0 The number of nodes in the state space
tree is

(n-1)" -1

1+(n-D+(-1°+..+(n-)"* =
n—2

36




The 0-1 Knapsack Problem
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A general algorithm for backtracking in

the case of optimization problems.

void checknode (node v) {
node u;

if (value(v) is better than best)
best = value(v);

if (promising(v))
for (each child u of v)

checknode(u);
by

= In the case of optimization problems, "promising" means
that we should expand to the children.
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Promising check

k-1
totweight= weight+ > w;
j=i+1
Thenodeat levelk is theonethat woul bring thesumof theweightsaboveW

k-1
bound= [profit+ ij] + (W —totweight x P
- - . ~ J W
\ =) ]g:apﬁcr:]it_yavailable Profit p c;r'kﬁnit
[ ' -1 ftor item
Eé?rgttgﬁemﬁm k-l weight for kth item

If maxprofit is the valueof the profit in the bestsolutionfoundsofar,
thena nodeat leveliis nonpromisng if
bound< max profit
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Example

O n=4
oW =16

o The items is ordered
according to pi/wi.
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The pruned state space tree produced
using backtracking
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Algorithm 5.7: The Backtracking
Algorithm for the 0-1 Knapsack (1)

void knapsack (index /, int profit, int weight) {

if (weight <= W&& profit > maxprofit){
maxprofit = profit;
numbest = i;
bestset = include;

b

if (promising(i))<
include [i + 1] = "yes"; // Include w[/ + 1].
knapsack(i + 1, profit + p[i + 1], weight + w[i + 1]);
include [i + 1] = "no"; // Do not include w[i+1]
knapsack (i + 1, profit, weight);

42



Algorithm 5.7: The Backtracking
Algorithm for the 0-1 Knapsack (2)

bool promising (index i) {
index j, k; int totweight; float bound;
if (weight >= W)
return false;
else {
Jj=i+1;
bound = profit;
totweight = weight;
while (j <= n && totweight + w[j] < = W){
totweight = totweight + wlj];
bound = bound + p[j]; j++; }
K =],
if (k <=n)
bound = bound + (W - totweight) * p[k]/w[k];
return bound > maxprofit;
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